We study synchronization in the framework of invariant manifold theory for systems with a time lag. Normal hyperbolicity and its persistence in infinite dimensional dynamical systems in Banach spaces is applied to give general results on synchronization and its stability.
Introduction
S ynchronization phenomena of oscillators and diffusively coupled oscillators has been a subject of great interest by physicist, engineers, and mathematicians, see for instance (Afraimovich, et.al., 1986; Chow and Liu, 1997; Fujisaka and Yamada, 1983; Hale, 1997; Wasike, 2002; Wasike, 2003; Wasike and Rotich (2007) .
Basic to the study of synchronization, two fundamental questions are of interest. The first is to do with the stability of the synchronization state of the system and the second is its robustness. Robustness of the synchronization state is its ability to be insensitive to small perturbations in the system that generates it. The two questions have been done for diffusively coupled systems without a time lag in the coupling. Normal hyperbolicity and the generalized Lyapunov exponents have been used to establish conditions for the stability and persistence of synchronization manifold for lattice dissipative systems each with a compact global attractor, see for example (Chow and Liu, 1997; Wasike, 2002; Wasike, 2003; Josica, K, 2000; Wasike and Rotich, 2007) .
The subject of stability and persistence of synchronization in a system with a diffusive-time-lag coupling has received less attention. Grasman and Jansan (1979) have studied synchronization in oscillators coupled in only one variable with a time lag in which phase differences have been used to detect synchrony. Numerical results have also been used to determine the Lyapunov exponents in order to exhibit stability of the synchronization manifold, see for instance (Pyragas, 1998; Rossoni, 2005) . To the best of my knowledge, no rigorous mathematical results in the framework of robustness of invariant manifolds for delay differential equations have been reported. This is how we approach this problem. We set the problem in the framework of dynamical systems and then consider the two aspects of synchronization based on invariant manifold theory for systems with a time lag. For the theory of invariant manifold for systems with a time lag, see for instance Halanay (1967) , Kurzweil (1967) . Normal hyperbolicity is exactly the right condition for persistence of invariant manifolds (see Bates et. al., 1998) . In particular, we shall apply the theory of normally hyperbolic invariant manifolds for semiflows in Banach spaces as defined in Bates et al., (1998 Bates et al., ( , 1999 Bates et al., ( , 2000 . This approach will enable us to compare the rate of growth in the transversal direction to the synchronization manifold and that along the manifold. This is our road map. Most of the definitions and terminologies will be given in § 2 while in § 3 we present the main results on the robustness of a synchronization manifold where normal and tangential growth rates are compared. In § 4 we give an example of an all-to-all coupled system. §5 is the conclusion. 
Definitions and terminologies
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The following definition is motivated by the works of Halanay (1967) and also Kurzweil (1967 In many applications, we are interested in local synchronization. We are interested in the local attractivity of graph (H); that is, the graph of (H) is exponentially attracting in the neighbourhood of D,
where , k α are positive constants. f f
Definition. Suppose equation (1) is locally synchronized with map H. The synchronization is stable if for any
is locally synchronized with map and 1998 p. 119) .
Main Results: Robustness of a synchronized manifold
Let us recall some of the invariant manifold theory for infinite dimensional systems in a Banach space. Let X represent a Banach space with norm ⋅ ⋅ In subspaces the same norm symbol is used. The notation ⋅ ⋅ will be reserved for the linear operator norm
For any , X ϕ ∈ there is a unique solution ( ) , z t ϕ to equation (1) that defines a semiflow on X ; that is, 
Consider the linearization of equation (1) along
where ( , z t ) ϕ is the solution of Equation (1) 
For this definition see Bates et al., (1998 Bates et al., ( , 1999 . A few remarks on the above definition of normal hyperbolicity are useful. 
Remark
to be satisfied, see for instance Bates et al. (1998, pages 124 and 11, respectively) .
Generalized Lyapunov-type numbers
For the purpose of calculation it will prove convenient to phrase inequalities (5) and (6) more quantitatively in terms of rates of growth. By the equivalence of norms, 
see for instance Diekmann et al (1995, p. 470 We now define some generalized Lyapunov exponents for semiflows. 
The generalized Lyapunov exponents were introduced for the study of normally hyperbolic invariant manifolds in finite dimensional systems, see for instance (Chow and Liu, 1997; Fenichel, 1971; Hirsch et al., 1977; Wiggins, 1994) . No similar results exist for semiflows.
The results we have are: 
Example: Synchronization of all-to-all coupled systems
In this part, the theorems are applied to the study of synchronization of all-to-all coupled systems. Let
, d z ∈ be a dissipative processes and A be the attractor. Consider the coupled system 
z t k z t r z t g z t z t k z t r z t g z t
, X ϕ ϕ ϕ = ∈ has a unique solution which coincides with (15) is synchronized if its solution belongs to a compact inertial manifold ,
To show synchronization, we show that M is attracting; that is, ( )
, , 0 as t . For this purpose, we need to study the semiflow tangential and transversal to . M We thus make the change of variables 
With the transformation (16) in equation (15), we get
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Synchronization is equivalent to the fact that
w t ϕ = is attracting. By the linearization of equation (15) along
w t ϕ = ; that is, along ( )
w t r w t D g y t w t y t k y t r y t D g y t y t
where is the Jacobian of
).
y t k y t r y t g y t = − − +
Notice that there is a continuous invariant splitting Since all roots of for have negative real parts (see for instance Bose; 1986) , this would mean 
Conclusion
Time delay in the coupling does not always destabilize synchronization states of similar systems with delay 0. r = 6. References AFRAIMOVICH, V.S, VERCHEV, N.N. and RIABONVICH, M.I. 1986 
